Motivated by realizing open/closed string duality in the work by Gopakumar [Phys. Rev. D70:025009,2004], we study two and three-point correlation functions of Rcurrent vector fields in N = 4 super Yang-Mills theory. These correlation functions in free field limit can be derived from the worldline formalism and written as heat kernel integrals in the position space. We show that reparametrizing these integrals convert them to the expected AdS supergravity results which are known in terms of bulk to boundary propagator. We expect that this reparametrization corresponds to transforming open string moduli parameterization to the closed string ones.
Introduction
The idea of AdS/CFT correspondence is based on duality of supergravity theory in the bulk of AdS spacetime in one side and N = 4 super Yang-Mills theory on the boundary on the other side. An important realization of this theory is deriving the correlation functions of the boundary theory from the partition function of the bulk theory [1, 2] . In this connection the correlation functions in AdS/CF T has been studied by different authors [3] - [10] . However, it is believed that this duality has a deeper root in the underlying string theories. This suggests that AdS/CF T duality is a consequence of closed/open string dualities. The SYM theory on the boundary and supergravity in the bulk are effective theories of open and closed strings, respectively. Despite of efforts in understanding this duality in the level of string theories in diverse aspects (e.g. [16] ), an interesting idea would be revisiting correlation functions and thinking how it could be realized as an closed/open string duality. In other word, is it possible to somehow gluing up the open string amplitudes corresponding to correlators on the boundary to find the closed string amplitudes in the bulk? Though this was observed in some specific examples in [17] - [19] , indeed an affirmative answer to this question comes in a series of elegant works by Gopakumar in [20, 21, 22] where the basic tool is worldline formalism in the limit of weak coupling or free fields (see also [23] ).
The worldline formalism was developed for calculation of field theory correlators at one loop approximation [14, 15] . This formalism is based on the idea of converting the field theory path integrals in one-loop effective action into integrals over the parameters defined at one loop. It has found successful applications on field theory problems related to the one-loop effective action [15, 24] . In [20] , the worldline formalism was found useful as well for rewriting correlators in terms of open string worldsheet moduli parameters and then transforming the parameters to closed string one. After this reparametrization, the amplitude can be understood as an amplitude in AdS spacetime which is constructed from bulk to boundary (as well as bulk to bulk) propagators in the AdS spacetime. In a free scalar theory the two and three point correlators in a worldline formulation was written in the form of integrals of heat kernel. After some reparametrization such integrals obey scalar field equation in AdS spacetime, i.e. are the bulk to boundary propagators in this spacetime. The one advantage of such approach is to observe the explicit AdS bulk to boundary propagators in expressions of field theory correlators in this spacetime. It also makes it simpler to match the process of field theory correlators with the supergravity ones, and consequently realizing AdS/CF T correspondence at the level of free string amplitudes.
One may think that the magic of deriving the AdS spacetime structure from a free field theory comes from the simple structure of scalar fields, while in both N = 4 SYM and Supergravity theories, we have more complicated objects (even in free limit) and investigation of the duality via correlators remains non-obvious. An interesting early work on the correspondence of non-obvious correlators is [29] , where two and three point correlators of R-symmetry currents in N = 4 super Yang-Mills theory was obtained and confirmed the AdS/CF T correspondence. In this paper, we try to implement the ideas of [20] for R-currents, i.e. in the worldline formalism framework we use the procedure of introducing bulk to boundary propagators via parameter integrals of heat kernel in the two and three point R-current correlation functions in super Yang-Mills theory. The importance of R-currents, besides their rich structure as vector fields, comes from the fact that they, as well as scalar fields, are protected object in N = 4 SYM theory by supersymmetry. This enables us to use them in the free field limit and trust our results in wider limits. However, we have to restrict ourselves to at most three-point function, since higher n-point functions require bulk to bulk propagators in the AdS space which in turn requires the sum over all string states. In contrast, in three-point function the only relevant propagator is the bulk to boundary propagator and it is enough to consider the lowest string state for this propagator.
This paper is organized as follows. In section 1 we introduce the vector field theory in the AdS theory and review the derivation of the R-current correlation functions from the bulk theory. In section 2 we use the basic results of worldline formalism to derive the two point functions. In section 3 we comment on the bulk to boundary propagators for AdS space and in section 4 we investigate the three point function. Section 5 is devoted to bringing the results of worldline formalism and AdS supergravity in agreement with each others and we conclude in section 6.
The Set-up in AdS space
Let us start with the AdS supergravity fields which are the corresponding partners of SYM R-currents. These AdS fields are SU(4) gauge fields with the following action [29] :
where integrals are over 5-dimensional AdS-space and the last term is the Chern-Simons term.
The suitable coordinate for our purposes is the Poincare coordinate in Euclidean signature:
where the boundary of AdS is at z 0 = 0. Now we are ready to write the solutions of the classical equations of motion. They would be determined in terms of their boundary values, a a i ( x) as follows [29] :
Note that the above solution is in zeroth order in the Yang-Mills coupling and there is no need for ghosts, since we are working in the tree level. The next step would be introducing this effective action as generating functional of SYM boundary operators. So we will find two-point and three-point functions of the R-currents by taking functional derivatives from this generating function with respect to boundary fields a a i ( x). The two-point function will be found as [29] :
The three-point function includes two parts, one comes from the f abc part and the other from d abc :
Where 'perm.' stands for permutating indices {i, j, k} and {1, 2, 3} to find a totally (anti)symmetric expression for (f )d abc part. These permutations should also carried on lower indices of I These are correlation functions derived from the supergravity theory in the bulk. In the following sections we show how these can come from the boundary theory with convenient reparametrization.
2 Worldline formulas and two-point correlator for the boundary theory
In worldline formalism the general formula for scalar loop contribution to one-loop Npoint amplitude on d = 4 − ǫ dimension have obtained in the following form:
Here τ is Schwinger proper-time and u i are parameters ordered in worldline loop u N ≤ u N −1 ≤ ... ≤ u 1 , ǫ i , and k i , are polarization vectors and momenta of incoming and outgoing vector fields (gluons). The order of color T a matrices under the trace should be same as order of u i parameters, which is determined by positions of gluons on the loop.
Spinor loop contribution has form for the above ordering:
where θ, θ are Grassmann variables and bosonic and fermionic worldline Green's functions are defined in the loop as:
Notice, that formulas (2.1) and (2.2) does not contain the self interaction of vector field, which leads to one-particle reducible diagrams. Here we are going to consider only contribution of one-particle irreducible diagrams. First and second derivatives of worldline Green's function G ji B are:
Here ǫ ijk is unit antisymmetric tensor and (−1) F ij replace the signature function above:
Except scalar and spinor loop, in super Yang-Mills theory there is a contribution from loop of vector field. However since we are working in the free field limit, we don't consider its contribution. Now let us concentrate on two-point function of vector field which is known in literature as polarization operator (photon or gluon). Worldline expression of scalar loop contribution to this function can be obtained from (2.1), with N = 2. After little simplification it gets the following known form, which coincides with ordinary expression in Schwinger's proper time parameter [14] :
The last integral means the energy-momentum conservation. Remind, the polarization operator (2.4) contains contribution of tadpole diagram of vector-scalar interaction in δ (α)-function term. It differs from two-point correlation function of free scalar field only by additional square bracket factor in it [14, 13] . Now the next step is the going to position space by means of inverse Fourier transformation:
Here we have inserted an integral over the parameter β, where 0 ≤ β ≤ 1. Taking Gaussian integrals over the momenta and then position derivatives, we obtain from (2) the following expression of polarization operator * :
We have included constants into new one.
Writing the exponents in heat kernel terms:
we rewrite (2.6) as follows:
.
(2.8) It is useful to pass to a new variables [20] :
In these variables the polarization operator (2.8) is rewritten in more suitable form for its further transformations:
We can insert in (2.9) Γ (s) function representations for 1:
In terms, which contain different degrees of ρ, we should introduce, of course, Γ (s) functions having different values of argument. The change of integration variables ρ and β into the ρ 1 , ρ 2 one's using the equality
dρ 2 is turned out necessary for next step. In this variables Π ab (x 1 , x 2 ) has got more symmetric form:
Here we have taken into account ρ 1 + ρ 2 = ρ in the exponent and have included integrals over the α into constants C ab 1,2 † :
Remark, the Γ (s) function arises here naturally, as a well-known correction to the oneloop effective action (using generalized ζ− function [25] and other approaches). Following [20] we separate the integrals over the ρ i , which contain heat kernel, and denote them by K 1 (x i , z, t) function:
(2.12)
As was shown in [20] , identifying the variable t with the radius of d-dimensional sphere z 0 (t = z 2 0 ) it can be shown that the function K 1 (x i ; z, t) obeys the d + 1-dimensional massless Klein-Gordon equation:
where 2 is the d-dimensional Laplacian in the direction − → z . In the next section we see that function K 1 (x i , z, t) is the bulk to boundary propagator of massless vector field in the d + 1-dimensional AdS spacetime with the radial coordinate t = z 2 0 . Now we can write (2.11) in terms of this propagator in more suitable form for matching with the two-point supergravity correlator (1.7):
Comparing (2.14) with the two-point correlation function Γ (x 1 , x 2 ) for free scalar field theory, we find additional square bracket factor in our case, which should be replaced by t 3 for free scalar theory. Thus, the gluon polarization operator is shown in terms of bulk to boundary propagator K 1 (x; z, t) of massless field. For vector-spinor interaction case we have spinor particles in the loop and the twopoint function is obtained from one loop spinor effective action. Setting in (2.2) N = 2 and taking integrals over the Grassmann variables it gets the form [14] :
Worldline expression of two-point correlator for this interaction has minor difference with the (2.4) scalar loop case in square bracket [15, 25] . This enable us to remake the formula (2.14) for spinor loop case (2.15):
Thus, we see from (2.14) and (2.16) in AdS space the two-point correlators of massless vector field interacted with the scalar and spinor fields are expressed by means of massless bulk to boundary propagator in this spacetime.
Before adding the contributions of scalar and fermion loops, we should recall that our fermions are in 4 and scalars are in 6 representations of SU(4) group, they have 1/2 and 1 quadratic casimir, respectively. So we add 2 times of scalar loop contribution to the fermion one to find:
3 The K n (x; z, t) functions and bulk to boundary propagators
The function K 1 (x; z, t), which arose in the previous section is the special case of K n (x; z, t) functions:
For n = 3, it was shown in [20] that the function K 3 is indeed the bulk to boundary propagator of scalar field with mass m 2 = −2 (d − 2) in AdS d+1 space. For any number n, it is easy to find relation between K n (x; z, t) functions and bulk to boundary propagators in a Euclidean AdS d+1 space with the metric (1.2). Firstly we can show that these functions obey the following differential equation:
Now introducing K n (x; z, t) function:
and substituting the derivatives
2) we obtain the equation for K n (x; z, t) :
Comparing this equation with Klein-Gordon equation in AdS space with the radius r = 1
we find that (3.6) and (3.7) will coincide at the following values of a n and m 2 :
This means that, functions K n (x; z, t) defined in (3.1) are related with the bulk to boundary propagators K n (x; z, t) of massive (or massless for the case n = 1) scalar fields through the relations (3.3) and (3.8).
Also we can find the explicit form of K n (x; z, t) functions by integrating (3.1):
This agrees with the bulk to boundary propagators found in [30] . Indeed, we conclude that depending on the field for which we are considering N-point function, we have different values of n in powers of ρ in (3.1). This power comes from conformal dimension of the field and it is well-known in AdS/CF T dictionary that for a given field with conformal dimension ∆, we have a bulk field with specific mass given in (3.9).
Some another kind of relation can be found between K n (x i ) functions ‡ with different n from the fact that all points x i in worldline formalism are on the same loop. According to this formalism N-point amplitude is written in the sum of parts of worldline loop |τ i − τ j | = τ |u i − u j | = τ e ijk α k , which is divided by vertices in x i = x (τ i ) points. Length of worldline loop τ does not depend on this division and is constant
, which we imply it in two-point and three-point functions by means of δ-functions. For example, for the three-point correlation function, which corresponds to the 3-gluon amplitude, we should divide worldloop into three parts and then equality α 1 + α 2 + α 3 = 1 is right at any values of α's. ‡ Hereafter we shall write only first argument of these functions for brevity.
In order to obtain the new relation between K n (x i ) functions we can start from the next expression, which arise in this function:
This expression can be also transformed keeping some degree of ρ = ρ l in it. For first degree we have:
Comparing two transforming of the same initial expression we find the reliable relation between bulk to boundary propagators on different points x i for three-point correlation function:
Of course, such kind of relations between K n (x i ) functions with any n can be found due to (α 1 + α 2 + ... + α n ) m = 1 for any m by inserting the Γ (s) integral appropriate for this relation. Remark, that relation (3.11) and any other kind of it, is valid only in the worldline formalism framework, where points x i are on the same loop.
The integrals I f mn and I f mnp can also be written in terms of K n functions as follows:
The three-point function
At one loop approximation the field theory three-point correlation function is the loop (scalar or spinor) having three external vector field lines. Physically it describes photon or gluon splitting amplitude due to the Dirac vacuum of spinor (scalar) particles. According to Furry's theorem in QED an amplitude with odd number of external vector lines is zero in absence of background field [26, 15] . In non-abelian theory it becomes non-zero due to color matrices in the internal lines. The starting expression for scalar loop contribution to three-point correlation function of non-abelian vector field can be received from (2.4) setting N = 3, and changing variables α i = |u i − u i+1 |:
1) Here in first exponent we have used k i · k j = 0, that is result of the energy-momentum conservation. The above amplitude is distinct from the three-point correlation function for the free scalar field theory by additional square bracket factor [20] . Decomposing this square bracket and keeping the terms which have only first degree of each ǫ i , we get the next expression for this bracket § :
Going to position space by Fourier transformation we integrate over the momenta and write the result in the heat kernel terms using (2.7):
In square bracket factor we replace momenta as follows:
Integrals over the α i in position space will have form:
For three-point function the change of variables is the following one [20] :
Integral (4.3) will have next changes:
In these variables 
Taking these expressions into account (4.2) the additional square bracket factor will have the explicit form in the new variables ρ i and t:
Notice that in (4.4) for three-point function we cannot factor out α -dependent integrals and introduce integral over β, as we made for two-point function case, since here we have different degrees of ρ i and ρ. This means, that we should introduce different Γ (d − m) and K n (x, z, t) functions corresponding to these degrees of ρ and ρ i ¶ . So, in three-point function, in addition of K 1 , it includes K 2 and K 3 functions as well:
According to (3.3) and (3.7), K 2,3 (x, z, t) can be written as bulk to boundary propagators with,
The appearance of these massive propagators in the three-point function is the reflection of derivative interactions in the bulk theory.
Thereby, rewritten in terms of K n (x i ) functions the three-point correlation function (4.1) will have the following form:
Mathematically correct way is introducing Γ-functions at first, then to make change of variables.
As is seen here, the three-point correlation function has expressed by means of bulk to boundary propagators of massless and massive scalar particles. This is in contrast to the free scalar field theory where the three-point correlation function was expressed in terms of a unique bulk to boundary propagator of one massive scalar field [20] . From the AdS/CF T correspondence dictionary, we expect the massless propagator, K 1 , as it happened in the two-point function. However, K 2 and K 3 propagators are not really independent propagators and their appearance, as mentioned before, is due to derivative interactions. Moreover, it is possible to replace one of them in favor of the others by using relations like (3.11). Fermionic loop contribution to the three-point function of non-abelian vector field is not zero, in contrast to the abelian theory, where contribution of one-loop diagrams with odd number vertices vanishes due to Furry's theorem. The contribution of this loop can be obtained from formula (2) setting N = 3 in it. Decomposing exponents, keeping only the terms linear in each ǫ and then taking integrals over the Grassmann variables we obtain:
Here we took into account k i ·k j = 0, which is the result of energy-momentum conservation low for massless vector field. Since our fermions are in 4 and scalars are in 6 representations of SU(4) group, they have 1/2 and 1 quadratic casimir, respectively. So we should add 2 times of scalar loop contribution (4.1) to the fermionic loop contribution (4.6). Scalar loop terms again cancels and in square bracket remains only terms:
In position space with d = 4 repeating procedure of change of variables in scalar loop case we get the expression of three-point function in terms of K n (x i ) for the parameter ordering given in section 2:
Comparing with section 1 results needs more manipulations which we do in the next section.
AdS/CF T matching correlators
Here we start from the supergravity correlator (1.7) and rewrite it in terms of K 1 (x i ) function. Taking derivatives from (1.5), using (3.10) and changing variable z 2 0 = t we shall get the following expression for the two-point correlator (1.7):
It should be matched with the two-point function coming from the SYM theory side. Let us recall it here from (2.17):
Comparing (5.1) and (5.2) we find out that two-point super Yang-Mills correlator in the boundary of AdS spacetime has the same structure as that comes from the supergravity in the bulk with d = 4. Three-point correlator in AdS supergravity theory (1.8) can be written in terms of K n (x) functions using (3.10) after taking derivatives from I f mnp (x 1 , x 2 , x 3 ):
3) In this expression, the supergravity correlator contains only K 1 (x i ) and K 2 (x i ) functions and apparently differs from the super Yang-Mills correlator (4.8), which additionally contains K 3 (x i ). However, by using some relations like (3.11), it would be possible to relate K n (x i ) functions to each others. To avoid complications involved here, we use an indirect way. In [29] the correspondence between supergravity correlator (1.8) and super Yang-Mills three-point function expressed in proper-time parameters was shown. So, in order to show the equivalence of formulas (5.3) and (4.9), we should show the equivalence of worldline expression (4.7) and its ordinary expression in proper-time parameters τ i given in [29] . Let us start matching for scalar loop contribution. Its expression in proper time has the form [29] :
For matching (5.4) and (4.1) we should multiply (4.1) by ǫ
, make change τ i =τ α i , and take into account α i = 1 and energy-momentum conservation k i = − (k j + k k ) in the square bracket. After these changes we obtain following form of the square bracket:
As we remark in section 3, this equivalence for two-point function was shown in [14] .
This differs from (4.2) by the absence of only δ (α k )-function terms, which are present in second derivative of bosonic worldline Green's function
As we know [14] these δ (α)-function terms in bosonic worldline Green's function correspond to terms, which arise due to tadpole diagrams of scalar field theory. But (5.4) does not contain contribution of tadpole diagrams and so, we should not await appearance of these terms in it.
Comparing square bracket factors of (5.4) and (4.2) we find that they coincide for the choice:
Let us consider the integrals over τ i on change of variables τ i = τ α i . Jacobian for the
have changes:
Converting this integral into position space and using formula (2.7), it will accept the following form in terms of the heat kernel:
By changing variable τ = τ , we obtain same degree of τ and same heat kernel exponent in (5.7) and (4.3). Remark again, we can do such change of variables for one-particle irreducible diagrams. For one-particle reducible diagrams we cannot do that, since not all τ i will situate on the same loop and the relation between α-s will not hold. As we saw for scalar loop contributions to the three-point function the worldline expression is equivalent to proper-time one. This kind of equivalence for spinor loop contribution can be found as well. It can be easily seen from (4.1) and (4.7) that scalar loop terms in spinor loop contribution will cancel with the total scalar loop contribution (recalling factor of 2 for the scalar case). So, it is enough to show this equivalence only for additional terms in spinor loop contribution, i.e. for square bracket (4.8). If we took in this bracket the relation α i = 1 into account and group then the terms proportional to α i , we obtain the following explicit form of it:
(5.8) On the other side, for spinor loop contribution added two times scalar loop contribution also was found in [29] 
Comparing (5.9) with (5.7) we find them coinciding. Second term in square bracket (5.7) will give terms, which would be cancelled with contribution of tadpole diagram of scalar loop. Since, we have no these terms in (5.4) this term in (5.10) remains being not cancelled. But worldline formalism takes into account tadpole diagrams of scalar loop also [14] , so, second term in (5.9) does not arise in worldline formula (4.7).
Conclusion
We observed that for the R-current vector fields in the free limit of the SYM theory, using the worldline formalism, it is possible to convert the two and three-point functions into expressions meaningful in the gravity theory in the AdS side. By a convenient reparametrization, these expressions are written in terms of bulk to boundary propagators of the corresponding vector field in the AdS. We have discussed that this reparametrization is equivalent to transforming from open string moduli to closed string one. By K n functions in section 3, we observed that for a field with some conformal dimension on the boundary theory, we can associate a field with special mass in the bulk for which K n 's are the bulk to boundary propagators.
Finally we have shown that the two and three-point functions deriven from the SYM theory are equivalent to those come from the bulk by AdS/CF T correspondence. Since the three-point function has two independent parts which we denoted them as f abc and d abc parts in section 1, we have shown the correspondence for the f abc part only. The d abc part in the SYM side, comes from the anomaly triangle diagram involving γ 5 . The worldline treatment of γ 5 interactions is well-known and it can be carried on as well. We believe that the result will be matching with the AdS calculations.
